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Minimally entangled typical thermal states

Problem: At T > 0 mixing of
states leads to entanglement.
|ψ〉 =

∑
E exp(−βE)|E〉

Previous work on DMRG at
T > 0: Verstraete et al., 2004,
Zwolak and Vidal, 2004,
Feiguin and White, 2005

New Solution: Minimally
entangled typical thermal
states (METTS) White, 2009

Stoudenmire and White, 2010
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Krylov-space Imaginary Time Evolution

Alvarez, 2013

G. Alvarez, Production of minimally entangled typical thermal states
with the Krylov-space approach,
Phys. Rev. B 87, 245130, (2013)

http://arxiv.org/abs/1307.8034

G. Alvarez (CNMS, ORNL) METTS of fermions in DMRG++ APS MM Denver, Co., 2014

http://arxiv.org/abs/1307.8034


The Krylov-space Recipe

Set βC = 0, |π〉 ≡ |i0〉|ii〉 · · · |iN−1〉

|φ(τ)〉 ≡ N exp(−τH/2)|π〉
|π′〉 ≡ collapse |φ(τ)〉

Wft |φ(τ)〉
Wft |π′〉

βT = βC?

Advance in β,
βC ← βC + τ

Measure!
Set βC = 0,
|φ(4)〉 ← |π′〉

no yes
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We use Krylov-space Time Evolution

Tridiagonalize H = V †TV starting Lanczos with |φ〉.
V is the matrix of Lanczos vectors and T is tridiagonal.

exp(αH)|φ〉 = exp(αV †TV )|φ〉 = V † exp(−iTt)V |φ〉

Diagonalize T = S†DS, where D diagonal.
Finally,∗ compute the evolution with

exp(αH)|φ〉i =
∑

k ,k ′,k ′′,j

V ∗i,kS†k ,k ′ exp(αdk ′)Sk ′,k ′′Vj,k ′′ |φ〉j

∗ This is within a DMRG method, so don’t forget to target the
appropriate states. For an implementation, see Alvarez et al., 2011.
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The “Collapse” Step and Ergodicity

1√
2
{| ↑↑↓↓〉+ | ↑↓↑↓〉} collapse

=⇒ | ↑↓↑↓〉

Ĥ ≡ Ĥ0 + µN̂; [Ĥ0, N̂] = 0

|π〉
CPS

β

evolve e−βH0/2|π〉
〈π|e−βH0 |π〉

=⇒
collapse

natural basis
|π′〉

When collapsing into the natural basis,
|π′〉 does not depend on µ!

Therefore, observables don’t depend on µ,
and we get incorrect results.
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The “Collapse” Step and Ergodicity
One collapses in a random basis |αi〉 =

∑
ηi

Mαi ,ηi |ηi〉

First we rewrite

|φ(τ)〉 =
∑

αL,αi ,αR

AαL,αi ,αR

∑
ηi

Mαi ,ηi |αL〉|ηi〉|αR〉 ≡
∑
ηi

|π̄(ηi)〉,

which defines |π̄(ηi)〉 for each ηi of the random basis. Then,

|π̄(ηi)〉 =
∑

αL,αi ,α
′
i ,αR

M−1
ηi ,α
′
i
AαL,αi ,αR Mαi ,ηi |αL〉|α′i〉|αR〉.

The new state N π̄(ηi) is collapsed with probability

p(ηi) = ||π̄(ηi)〉||2
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The “Collapse” Step and Ergodicity

To avoid ergodicity problems in METTS,

we collapse into a random basis.

Local symmetries are not preserved anymore.

For example, one uses the grand canonical ensemble.
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Accuracy and Convergence

H =
∑
i,j,σ

tijc
†
iσcjσ +

∑
i,σ

Vini,σ,
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Hubbard Chain at T > 0

H =
∑
i,j,σ

tijc
†
iσcjσ + U

∑
i

ni↑ni↓ + µN̂
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Hubbard Ladders at T > 0

1D Ladders 2D
T = 0 Power-law Power-law Power-law
T > 0 Exponential ? Power-law
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The Road Ahead: Our Strategic Vision

Make tons of improvements to our codebase

Implement parallel DMRG
Stoudenmire and White, 2013

Work towards 2D DMRG
Develop a matrix product states code
Stay at the vanguard of renormalization methods

Corboz and Vidal, 2009,
Evenbly and Vidal, 2009,
Koenig et al., 2009, M. Aguado, 2008

M. Rizzi, 2008, Pfeifer et al., 2009,
Vidal, 2008, Barthel et al., 2009,
Kraus et al., 2010
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Summary

PRB Paper:
Production of minimally entangled typical thermal states
with the Krylov-space approach,
Phys. Rev. B 87, 245130, (2013)
http://arxiv.org/abs/1307.8034

DMRG++ https://web.ornl.gov/~gz1/dmrgPlusPlus/
Free and open source codes for DMRG, Lanczos, FreeFermions,
and spin-phonon fermion models.
https://web.ornl.gov/~gz1/

This talk is at https://web.ornl.gov/~gz1/talks/
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This talk is at https://web.ornl.gov/~gz1/talks/
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